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Abstract 
Crannel, M.J., T.S. Griggs and J.S. Phelan, On infinite Steiner systems, Discrete Mathemat- 
ics, 97 (1991) 199-202 
1. Introduction 
A Steiner system ,Y(t, k, v) consists of a set I/ (called the base set) of cardinality 
u and a family C!8 of k-element subsets of V (called blocks) such that every 
t-element subset of V occurs in precisely one block. Here t and k are positive 
integers with t G k. Almost all of the vast literature which now exists on Steiner 
systems (for a bibliography see [2] or [3]) deals with the case where V is finite. In 
this case no Steiner systems have yet been constructed with t > 5 and only a finite 
number are known with t > 3. However, in the case where v = KO, Kiihler [5] has 
proved the existence of an S(t, k, X0) for all t, k satisfying 1~ t <k. In the book 
by Beth, Jungnickel and Lenz [l], it is observed that the proof is nonconstructive 
and they remark that “the explicit description of infinite t-designs appears difficult 
perhaps hopeless” (p. 374). 
In this paper we give a direct construction for systems S(f, t + 1, V) in the cases 
where t is a positive integer and v = X0, or 2%, or 2” where (Y is any infinite 
cardinal. The construction yields what is termed a large set of mutually disjoint 
S(r, t + 1, v) systems in each of these cases- i.e. in each case we obtain a family 
{Sy } of infinite Steiner systems such that every (t + 1)-element subset of the base 
set appears in precisely one Steiner system of the family. The method extends the 
results of the authors in [4] regarding countably infinite Steiner triple systems 
S(2, 3, NO). 
2. The case u = NO 
Take any positive integer t. The base set V will be the set of rationals Q 
augmented by t distinct additional symbols not in Q, Al, AZ, . . . , A,, i.e. if 
d = {A,, AZ, . . . , A,} then V = Q U d and V has cardinality NO. 
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Definition 2.1. Suppose that A = {Ai,, Aiz, . . . , A,,} is any p-element subset of 
d (so that 0~p s t). Put q = t -p + 1. We define a vector R(A) of (q + 1) 
strictly increasing integers Ro, Rr , . . . , R, by putting R”=O, R, = t + 1 and 
taking R,, Rz, . . . , R,_l to be the suffices (in increasing order) of those elements 
Ai E &\A (if any). We then define a further vector r(A) of q positive integers 
r1, r2, . . . , rq by putting ri = Rj - Ri-l for i = 1, 2, . . . , q. 
As an example suppose that t = 14 and A = {A,, A3, A6, AS, A9, AI,} so that 
p = 6 and q = 9. Then R(A) = (0,2,4,5,7, 10, 12, 13, 14, 15) and r(A) = 
(2, 2, 1, 2, 3, 2, 1, 1, 1). Also in the case where A = 0 (the empty set) of course 
p =O, q=t+l and each R, = i for i = 1,2, . . . , q. Then R(A) = 
(0, 1, 2, . . . 2 t + 1) and r(A) = (1, 1, 1, . . . , 1); the number of l’s being t + 1. 
Definition 2.2 (Block transform). Suppose that B = {YIP yz, . . . , ym, 
A,, Ai2, . . . , A,,} is any (t + 1)-element subset of V where yr, y,, . . . , y, E Q, 
Ai,, Aizj . . . ) A,E&, and m+p=t+l so that m~=l and O<p<t. We will 
assume that the set { yi} has its elements in increasing order, that is y, < y2 < 
***<y,. Put A = {Ai,, AiZ, . . . , A,,} and suppose that r(A) = (rI, r2, . . . , r,). 
We then define the block transform of B to be the number x(B) E Q given by 
X(B) = 2 rjyi. 
i=l 
Definition 2.3 (Block extension). Suppose that C is any t-element subset of V and 
that s is any element of Q. We define ‘the block extension of C by s’, denoted by 
C @ s, to be the (t + 1)-element subset of V obtained as follows: 
C@s= CU{sl ifs$C, 
C U {A,} ifs E C, where p is chosen as described below. 
Choice of p: Suppose C = { yr, y,, . . . , ym, Ai,, Ai,, . . . , A,,} and that y1 < yz < 
. . . < y, are elements of Q while Ai,, Aiz, . . . , AiP E &. If s = yj (so that m # 0) 
then take RI, R,, . . . , R, to be the suffices (in increasing order) of those 
elements Ai E &\{A,,, AiZ, . . . , A,,}. Then put /J = Rj. 
Note that for a fixed t-element subset C of V then, as s varies C @s will 
generate every (t + 1)-element subset of V which includes C. Indeed, each such 
(t + 1)-element set will be generated by precisely one value of s. 
Lemma 2.1. For any t-element subset C of V and any constant Y E Q there is one 
and only one (t + 1)-element subset of V which includes C and whose block 
transform is v. 
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Proof. Let C be any t-element subset of V and let Y be any constant in Q. Put 
f(s) = x(C 63 s) (s E Q), the block transform of C @s. The result will follow 
provided that the equation f(s) = Y has just one solution for s. In order to prove 
this suppose that 
C = (~1, YZ, . . . , Y,, Ai,, Ai*> . . . , Ai,> 
where y1 < y2 < . * - < y,,, are elements of Q, while Ai,, Ai2, . . . , A, E d. We shall 
prove that in each of the intervals (-a~, yi), (yi, yz), . . . , (Y,,_~, y,), (ym, a~), 
f(s) has the form f(s) = as + b for some positive integer a and some b E Q and 
that f(s) is continuous at the points yl, y,, . . . , ym (a suitable gloss is needed if 
m = 0). Once these properties off are established it follows immediately that f is 
a piecewise linear increasing function and hence the equation f(s) = Y has one 
and only one solution s = s, E Q. Consequently the set C 63 s, is the unique 
(t + 1)-element subset of V which contains C and whose block transform is Y. 
(a) Suppose m = 0, so that C= {A,, AZ,. . .,A,}=&. Then C@s= 
{s, A,, 4, . . . , A,}. Hence f (s) = (t + 1) s (f or all s E Q) and there is no more to 
prove. 
(b) Suppose m > 0, SO that 0 up s t - 1. Put A = {Ai,, Ai2, . . . , A,,} and let 
R(A) = (R,, RI, . . . , R,,,) and r(A) = (r,, r,, . . . , r,,,+l). Suppose firstly that 
s E (Y,_~, yj). Then 
(2-l) 
Note that this formula is valid when j = 1 with the gloss that the interval is 
(-03, y,) and the first summation is null. Likewise for j = m + 1 the interval is 
replaced by (y,, 03) and the second summation is null. Hence in each of the open 
intervals (-m, YJ, (yl, ~21, . . . I (Y,-~, YA (Y,, ~1, f(s) has the form f(s) = 
as + b for some positive integer a and for some b E Q. Next suppose that s = yj. 
Then C @s = C U {AR,}. Put A’ = A U {AR,} and let R(A’) = (R& R;, . . . , Rk) 
and r(A’) = (r;, r& . . . , rk). Note that for i <j, RI = Ri and for i 3 j, RI = Ri+l. 
Consequently for i <j, rl = ri, while ri = 5 + rj+i and for i > j, rt! = ri+l. It follows 
that 
f (Yj> = $I 6Yi = [$ CYi) + (5 + rj+dYj + (i$l ‘r+lYi) 
Returning to equation (2.1) we see that 
= f (Yj) (using 2.2). 
(2.2) 
Similarly, for S E (Yj, Yj+l) 
f 6) = (6 CYi) + rj+ls + ii?& ‘r+*Yi) 
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and so 
Sfim+fts) = (zl riYi) +(5 + rj+l)Yj + (i=I+l r,,,Y,) =f(Yj). 
It follows that f is continuous at yj for i = 1, 2, . . . , m and this completes the 
proof of the lemma. 0 
Construction 2.1. Let 93,, denote the set of all those (t + 1)-element subsets of V 
with block transform equal to Y. It follows from Lemma 2.1 that S,, = (V, 93,,) is a 
Steiner system s(t, t + 1, X0). Moreover the family {&: Y E Q} forms a large set 
of mutually disjoint s(t, t + 1, K,), a large set since every (t + 1)-element subset B 
of V will appear in one such system (namely SxCBJ and mutually disjoint since 
B E %I,, if and only if x(B) = Y. 
The blocks forming 93,, may be formed in the following manner: select any 
(t + 1)-elements of Q, not necessarily all distinct, whose sum is Y. Let the distinct 
elements chosen be y,, y2, . . . , ym in ascending order with frequencies 
r,, r2, . . . , r, respectively. Put Rj = c{=l ri for i = 1, 2, . . . , (m - l), and A = 
.&{A,,, AR2, . . . , AR,_,}. If we then put B = {y,, y2, . . . , ym} U A, then B is a 
(t + 1)-element subset of V and 
x(B) = f$ r,y, = Y. 
i=l 
3. Other cases 
Throughout Section 2 we replace Q by the set of reals R. The base set 
V = Iw U d has cardinality 2”‘. The family {S,: Y E R!} forms a large set of 
mutually disjoint s(t, c f 1, 2”“). For the case where n = 2” where cx is any infinite 
cardinal consider the set Q, of all functions from CY to Q and take % a 
nonprincipal ultrafilter over (Y. Then the ultrapower Qeol/% is a linearly ordered 
field of cardinality 2” and the result follows. 
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